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Large-Scale structure

Model evolution as a DM fluid

∂δ

∂t
+

1

a
∇x · (1 + δ)v = 0,

∂v

∂t
+

1

a
(v · ∇x)v +

ȧ
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Cosmic-Web: Millennium Simulation
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Zel’dovich Approximation

The Lagrangian approach

(q, t) 7→ x(q, t) = q + s(q, t).

Zel’dovich approximation (1970)

x = q + D+u = q− D+∇Ψ0,

The density is

1 + δ =

∥∥∥∥∂x∂q
∥∥∥∥−1

=
1

(1− D+λ1)(1− D+λ2)

with ordered eigenvalues λ1 ≥ λ2 of
deformation tensor

ψij =
∂2Ψ0

∂qi∂qj
.
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Cosmic Phase-Space and Catastrophe Theory

Lagrangian and Eulerian position
q and x, Phase-Space (q, x)

Lagrangian catastrophe theory

Folds A2

Cusps A3

Swallowtail A4

Umbilic D4

Arnol’d (1972)
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Caustic conditions on the Zel’dovich approximation

Catastrophes: A2,A
±
3
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Caustic conditions on the Zel’dovich approximation

Catastrophes: A2,A
±
3 ,A4,D

±
4 , Aronl’d, Shandarin, Zel’dovich (1982)
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Primordial Initial Conditions: Gaussian Random Field

Probability distribution of a Gaussian
Random Field

P(f (t1), . . . , f (tn)) =
e−

1
2

∑
i,j f (ti )(M

−1)ij f (tj )

[(2π)n detM]1/2

df (t1) . . . df (tn)

for all (t1, . . . , tn) ∈ T n, with
Mij = 〈f (ti )f (tj)〉.

Adler and Taylor (2007)
BBKS (1986)
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Caustic conditions on the Zel’dovich approximation
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Caustics Statistics: 1D

Level crossing f = λ

N =

∫
|ḟ |p(f = λ, ḟ )dḟ .

A2,A
±
3 point density

NA2(λ) =

∫
|λ11|p(λ1 = λ, λ11)dλ11

NA±
3

(λ) =

∫
|λ111|

p(λ1 = λ, λ11 = 0, λ111)dλ111

S. Rice (1944)
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Caustics Statistics: 2D

D4 point density

ND4(λ) =

∫
|λ11λ22 − λ12λ21|

p(λ1 = λ, λ2 = λ, λ11, λ12, λ21, λ22)

× dλ11dλ12dλ21dλ22

A3 lines

LA3(λ1) = π

∫ √
λ2111 + λ2112

p(λ1, λ2, λ11 = 0, λ111, λ112)

× (λ1 − λ2)dλ111dλ112dλ2

M.S. Longuet-Higgins (1957)
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Conclusions

Summary

Cosmic web closely linked to caustics

Caustics classification of cosmic web

Web allows analytic statistical analysis

Further research

Two-point correlation functions

Generalization to 3D

Beyond Zel’dovich approximation
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Lagrangian normal forms

At every point, the germs of generic Lagrangian maps of manifolds of
dimension n ≤ 5 are equivalent to germs of projetions (p, q) 7→ q of
Lagrangian manifolds pI = ∂S/∂qI , qJ = −∂S/∂pJ , where

for n ≥ 1 A1 : S = p21

A2 : S = p31

for n ≥ 2 also A3 : S = ±p41 + q2p
2
1

for n ≥ 3 also A4 : S = p51 + q2p
3
1 + q3p

2
1

D4 : S = p31 ± p1p
2
2 + q3p

2
1
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